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Dynamic model of the radio-frequency plasma sheath in a highly asymmetric discharge cell

M. A. Sobolewski
National Institute of Standards and Technology, Gaithersburg, Maryland 20899

~Received 11 December 1996; revised manuscript received 28 March 1997!

A self-consistent fluid model for the radio-frequency sheath at the powered electrode of a highly asymmetric
discharge cell is developed and solved. The model assumes time-independent ion motion and inertialess
electrons. The voltage on the powered electrode, assumed to be sinusoidal, is shared between the powered
sheath and a series resistance that represents the remainder of the discharge. The model includes ion collisions,
sheath conduction currents, and secondary electron emission from the electrode surface. Model results are
compared with previous sheath models and with experiment. Current wave forms predicted by the model
closely resemble the nonsinusoidal current wave forms measured in highly asymmetric cells. The model
accurately predicts the shape of sheath voltage wave forms, but not their dc components. The magnitudes and
phases of sheath impedances predicted by the model agree with experimental measurements performed in
argon discharges at pressures of 4.0–133 Pa.@S1063-651X~97!07007-4#

PACS number~s!: 52.65.2y, 52.80.Pi, 52.40.2w
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I. INTRODUCTION

When radio-frequency~rf! current flows between an elec
trode and a plasma, rf voltage is developed across the in
vening space-charge sheath. The resulting rf sheath has
portant electrical properties that are not yet fully understo
Usually, rf sheaths make dominant contributions to the e
trical characteristics of rf discharges. Thus a better und
standing of sheath properties could aid in the design o
discharge cells and the circuitry that powers them. It co
also result in improved methods of monitoring and contr
ling rf discharges.

A rf sheath is a nonlinear device—its electrical propert
depend on the rf amplitude and on the properties of the e
trical network that surrounds it. Sheath properties also v
with pressure and frequency. At frequencies much hig
than the ion plasma frequency, the sheath is primarily
pacitive. Self-consistent fluid models of capacitive rf shea
have been derived by Lieberman@1,2#, using a formalism
that consists of a stationary ion profile and an oscillati
steplike electron profile. One model@1# covers the low-
pressure regime, where ion collisions can be neglected;
other@2# covers the high-pressure, highly collisional regim
Godyak and Sternberg@3# have extended the oscillating-ste
formalism to cover the entire pressure range. Their mo
also includes the flow of conduction current across
sheath; the Lieberman models only consider displacem
current. All three models assume that the current flow
through the sheath is sinusoidal, a reasonable assumptio
symmetric discharges. Most plasma reactors, however, h
a grounded area larger than the powered electrode are
these asymmetric reactors, voltage wave forms are m
more sinusoidal than current wave forms. Sheaths excite
sinusoidal voltages have been modeled@4–6#, but only under
rather limiting restrictions. Some models are not se
consistent; they rely on arbitrary assumptions about the n
linear sheath capacitance@4# or the ion profile in the sheath
@5#. One kinetic model of the rf sheath@6# has been solved
self-consistently, but that work neglected ion collisions, s
applies only at very low pressures.
561063-651X/97/56~1!/1001~11!/$10.00
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This paper presents a sheath model designed for as
metric discharges at high frequencies, in the pressure ra
where ion collisions are important. In particular, we simula
the sheath at the powered electrode of the highly asymme
reactor of Refs.@7,8# for argon plasmas at 4.0–133 Pa. T
model is based on the same oscillating-step formalism
Refs. @1–3#. Here, however, the applied voltage is assum
to be sinusoidal, not the current. The applied voltage
shared between the sheath and a series resistance which
resents the impedance of the remainder of the discharge
served to be primarily resistive@7#. The model includes the
flow of conduction current across the sheath. Emission
secondary electrons from the electrode is also included.

First, the model will be described, including its assum
tions, the method of solution, and the range of input para
eters investigated here. Then model predictions for the c
rent and voltage wave forms, the fundamental magnitude
phase of the sheath impedance, and the dc componen
sheath voltage will each be discussed and compared
previous models and with experiment. A final section su
marizes the results, and identifies issues that deserve fu
study.

II. MODEL OF THE SHEATH

A sketch of the sheath model is given in Fig. 1. T
model is one-dimensional—edge effects and lateral non
formities are ignored—so position in the sheath is indica
by a single spatial coordinatex, increasing from the plasma
towards the electrode. The sheath contains electrons a
single species of positive ions. The ion density profi
ni(x) is assumed to be independent of timet but the electron
density profilene(x,t) is not. Instead,ne(x,t) consists of a
sharp, steplike drop in electron density that lies at a tim
varying position called the instantaneous sheath edge.
distance between the instantaneous sheath edge and the
trode is the instantaneous sheath widthW(t). During each rf
cycleW(t) oscillates between a minimum valueWmin in the
vicinity of the electrode, and a maximum valueWmax. The
point of maximum expansion,W(t)5Wmax, defines the in-
1001 © 1997 The American Physical Society
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1002 56M. A. SOBOLEWSKI
terface between the sheath and the presheath.~The presheath
region between the sheath and the unperturbed plasm
considered part of the plasma, not the sheath.! The sheath-
presheath interface serves as the origin of thex axis. The
position of the instantaneous sheath edge relative to the
gin is s(t), wheres(t)5Wmax2W(t).

On the plasma side of the instantaneous sheath edge
quasineutrality conditionne5ni is assumed; on the othe
side, it is assumed thatne50. Therefore

ne~x!5H ni~x!, x,s~ t !

0, x>s~ t !.
~1!

The electron charge is2q, and the ion charge is assumed
be 1q, so the charge densityr(x,t) is given by r(x,t)
5q(ni2ne). The electric fieldE(x,t) and the electrostatic
potentialV(x,t) are therefore determined from Gauss’s la
and Poisson’s equation as

2
]2V

]x2
5

]E

]x
5

r

«0
5H 0, x,s~ t !

qni~x!/«0 , x>s~ t !.
~2!

The total voltage drop across the sheath,Vs(t), is

Vs~ t !5V~Wmax,t !2V~0,t !. ~3!

Thus r(x,t) and E(x,t) are always>0, while V(x,t) and
Vs(t) are always<0.

Ion dynamics are modeled by a fluid representation,
which the mean ion drift velocity directed towards the ele
trode,ui(x), is governed by the ion momentum conservati
equation@3#

FIG. 1. The sheath model.~a! Cross section through the shea
showing the time-independent ion density profileni(x) and the
time-dependent electron density profilene(x,t). The sheath-
presheath boundary is atx50, the surface of the electrode is atx
5Wmax, and the steplike drop inne(x) occurs at a distances(t)
from the former,W(t) from the latter.~b! Definition of J(t) and
Vs(t), the sheath current and voltage wave forms, and the elect
circuit surrounding the sheath. The voltage on the powered e
trode,Va(t), is shared between the sheath and a series resist
R.
is

ri-

the

n
-

ui]ui /]x1pui
2/2l i5q^E&/mi , ~4!

wheremi is the ion mass andl i is the ion diffusivity mean
free path, assumed to be independent ofui . The first term is
the ion acceleration, the second arises from the ion d
force, and the third arises from the electric force. The io
are assumed to be too massive to respond to the rf com
nents of the electric field, so no rf field components~and no
time derivatives! appear in Eq.~4!. Only the time-averaged
electric field ^E& appears. The ion diffusion term has als
been neglected, because the ion drift velocity everywher
assumed to be much greater than the ion thermal veloci

The ion densityni and velocityui are related by the ion
conservation equation. Ifni does not depend on time, and
ions are neither created nor destroyed in the sheath, the

]~niui !/]x50. ~5!

Therefore the ion currentJi is constant in space as well a
time.

Ji52qniuiA52qn0u0A, ~6!

wheren0 andu0 are the ion density and velocity atx50, and
A is the area of the electrode. Because the electric field
celerates the ions towards the electrode,ui increases with
x, andni must therefore decrease withx, as in Fig. 1.

In contrast, electrons are repelled by the electric field.
reach the electrode, they must be thermally excited ove
barrier of heightqV(s,t)2qV(Wmax,t), presented by the
voltage difference between the electrode and the insta
neous sheath edge. Assuming that the electrons hav
Maxwell-Boltzmann velocity distribution, always in equilib
rium with the rf potential, with time-independent temper
tureTe , the electron current is

Je5qAni~s!S qTe
2pme

D 1/2expS 2V~s,t !1V~Wmax,t !

Te
D ,

~7!

whereme is the electron mass,Te is in units of voltage, and
Eq. ~1! has been used to setne(s)5ni(s). There is also a
current of secondary electrons,Js5YiJi2YeJe , whereYi is
the yield of secondary electrons per incident ion~assumed to
be independent of ion energy!, andYe is the yield per inci-
dent primary electron~also energy independent!. The sec-
ondary electrons, like the primary electrons, are assume
have negligible inertia, so no modification of Eq.~1! is
needed to account for them. Ionization produced by seco
ary electrons within the sheath is not included in the mod

The sum of electron and ion currents is the conduct
current

Jc5~11Yi !Ji1~12Ye!Je . ~8!

In addition to the conduction current, there is a displacem
current@3#

Jd52«0AdE~Wmax,t !/dt5qni~s!Ads/dt. ~9!

The total currentJ is the sum ofJc andJd ,

J5Jc1Jd . ~10!

al
c-
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56 1003DYNAMIC MODEL OF THE RADIO-FREQUENCY PLASMA . . .
To solve Eqs.~1!–~10! one must specifyn0 , u0 , and
E0 , the ion density, ion velocity, and electric field at th
sheath-presheath interface, which are all assumed to be
pendent of time. One must also specify additional equati
to describe the electrical circuit that surrounds the she
here assumed to be the sheath at the powered electrode
highly asymmetric reactor. First, the time-averaged curr
through the sheath is zero,

^J~ t !&5^~11Yi !Ji1~12Ye!Je&50. ~11!

One need not include the displacement current becaus
time average is identically zero. Second, the voltage on
powered electrode,Va(t), is assumed to be sinusoidal,

Va~ t !5Va01Va1cos~vt1d!, ~12!

wherev is the ~angular! frequency. Third, the applied volt
age Va(t) is the sum of the voltage across the shea
Vs(t), and the voltageVr(t) across the remainder of th
discharge,

Va~ t !5Vs~ t !1Vr~ t !, ~13!

whereVr(t) is defined by

Vr~ t !5RJ~ t !. ~14!

R represents the resistance of the bulk plasma and
sheaths at all grounded surfaces. It also includesRe , the
resistance associated with the boundary between the pla
and the powered electrode sheath@7#. For simplicity, the
model neglects any reactance contributed by the cell,
ground sheaths, or the plasma. The nonlinearity of
sheaths at the grounded surfaces is also neglected.

To compare the model with experiment, it should
noted that the model wave formsJ(t) andVa(t) defined here
are equivalent to the wave formsI pe(t) andVpe(t) used in
experimental studies@7,8#. The model sheath voltage wav
formVs(t) is related to the measured ‘‘sheath voltage’’ wa
form Vps(t) by

Vs~ t !5Vps~ t !2I pe~ t !Re , ~15!

where the resistanceRe is determined experimentally usin
fitting procedures@7,9#.

A. Input parameters

It is convenient to express the input parameters in norm
ized, i.e., dimensionless, form. This is accomplished by
viding all particle and charge densities byn0 , dividing all
voltages byTe , dividing the ion velocityui by the Bohm
velocity

uB5~qTe /mi !
1/2, ~16!

dividing frequencies~and multiplying times! by the fre-
quencyv, dividing the distancesx, s, W, and l i by the
Debye length

lD5~«0Te /qn0!
1/2, ~17!

dividing the electric field byTe /lD , dividing impedances by
de-
s
h,
f a
t

its
e

,

he

ma

e
e

l-
i-

ZD5lD /v«0A, ~18!

and dividing currents by

JD5Te /ZD5qn0vlDA. ~19!

ZD is the capacitive impedance of parallel plates of the sa
area as the electrode, separated by one Debye length.JD is
the current that such a capacitor would draw if a rf voltage
amplitudeTe were applied across it.

To obtain a solution, one must specify the following d
mensionless parameters: a collisional parameterl i /lD ; the
sheath widthWmax/lD ; the dimensionless boundary cond
tions for ion injection velocity, electric field, and series r
sistance,u0 /uB , E0lD /Te , andR/ZD ; the secondary elec
tron yieldsYi andYe , and two additional parametersv i /v
andve /v, wherev i andve are the ion and electron plasm
frequencies,

v i5~q2n0 /mi«0!
1/25uB /lD , ~20!

ve5~q2n0 /me«0!
1/25~mi /me!

1/2v i . ~21!

Factors ofv i /v andve /v appear in the equations for th
ion and electron currents, Eqs.~6! and ~7!, when they are
normalized.

Ji /JD5~u0 /uB!~v i /v!, ~22!

Je
JD

52
1

A2p

ni~s!

n0

ve

v
expS 2V~s,t !1V~Wmax,t !

Te
D .

~23!

Values of the input parameters were chosen to simu
the experimental conditions of a previous study@8# of argon
discharges at pressures of 4.0–133 Pa~0.03–1.0 Torr! in the
Gaseous Electronics Conference~GEC! rf Reference Cell.
Table I lists values of the experimental parameters. Tabl
lists values for the corresponding dimensionless parame
As noted previously@3#, the assumptions made above th
the electrons have negligible inertia and thatn0 , u0 , E0 ,
ni(x), andui(x) are time independent are valid in the limi
(v i /v)

2!1 and (ve /v)
2@1. The values ofv i /v and

ve /v given in Table II show that these criteria are nearly
completely satisfied over the entire experimental range. V
ues ofVs1 /Te are given in Table II, butVs1 /Te is not actu-
ally an input parameter. Instead, the input parame
Wmax/lD was varied until solutions for the desired values
Vs1 /Te were obtained. The parametersYi , Ye , u0 /uB , and
E0lD /Te are not listed in Table II. Most results reporte
here were obtained atYi5Ye50, but these results differ by
less than 2% from results obtained using values ofYi'0.1
andYe'0.2, measured on aluminum electrodes at low in
dent energies@10–12#. Values foru0 /uB andE0lD /Te were
not determined by experiment; rather, they were obtain
from the Godyak-Sternberg theory of the presheath@3,13#,
described in the next section.

B. Model of the presheath

In models of collisionless, dc plasma sheaths, the requ
ment that the ion density profile fall off less rapidly wit
distance than the electron density profile~a necessary condi
tion for the formation of a sheath with a net positive charg!
imposes a lower bound on allowed values ofu0 , the ion
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1004 56M. A. SOBOLEWSKI
injection velocity @14#. The limiting velocity is the Bohm
velocity uB of Eq. ~16!. In rf sheaths, however, the rf modu
lation of the sheath width causes the time-averaged elec
density to fall off more slowly than in dc sheaths, so so
tions can be obtained even atu0,uB . Indeed, in oscillating-
step models, the ion density always falls off more slow
than the time-averaged electron density and solutions ma
obtained at arbitrarily lowu0 /uB . On the other hand, there i
an upper bound on ion injection velocity. The equation

lD

n0

dni
dxU

x50

52
E0lD

Te
S u0uBD

22

1
plD

2l i
, ~24!

obtained from Eqs.~4!, ~5!, and ~16!, demonstrates that, i
u0 /uB is too large, the initial slope of theni(x) profile will
be positive. This indicates that ions are initially decelera
when they enter the sheath. A deceleration of the ions m
be possible, if ions drifted from a region of no collisions in
a region of frequent collisions. But deceleration of ions is n
reasonable or likely in the rf plasma sheath. If collisio
occur in the sheath, they should occur in the presheat
well.

If the initial slope of the ion profile is to have the corre
~negative! sign, the ion velocity is restricted by Eq.~24! to
the range

~u0 /uB!2,~E0lD /Te!~2l i /plD!. ~25!

Any theory of the presheath that includes collisions sho
predict values ofE0lD /Te andu0 /uB that satisfy this con-
dition. The Godyak-Sternberg model of the presheath@3,13#,
used here, predicts

E0lD /Te51, ~26!

TABLE I. Experimental conditions for argon discharges in t
GEC rf Reference Cell, atv/2p513.56 MHz, at pressures of 4–13
Pa. The amplitude of the fundamental component of the volt
across the sheath at the powered electrode,Vs1 , the total resistance
in series with the powered sheath,R, and the ion current at the
powered electrode,Ji , were measured in Ref.@8#, for many volt-
ages. Only the highest and lowest voltage at each pressure
shown. The electron temperatureTe was obtained from Langmui
probe measurements in this cell and in other GEC cells@19,20#.
Values of the mean free path of Ar1, the dominant ion in these
discharges@21#, was calculated@8# from measurements@22# of the
cross section of Ar symmetric charge exchange collisions. F
Ji , Te , andl i , estimates forn0 , the electron density at the bound
ary between the plasma and the powered sheath, were obt
using Eqs.~6!, ~16!, ~17!, and~27!.

Pressure
~Pa!

Vs1

~V!
R

~V!
Ji

~mA!
Te

~eV!
l i

~mm!
n0

(108 cm23)

4.0 34 282 0.57 3 2.2 2.1
13.3 27 224 0.63 3 0.66 3.0
40.0 25 173 0.90 3 0.22 5.7
133.3 24 140 1.33 3 0.066 12.2
4.0 401 30 9.4 3 2.2 29
13.3 356 22 14.3 3 0.66 49
40.0 324 17 22.8 3 0.22 92
133.3 176 22 24.2 3 0.066 133
on
-

be

d
ht

t

as

d

u0 /uB5@11plD /~2l i !#
21/2, ~27!

which always satisfy Eq.~25!.

C. Method of solution

Solutions are obtained by an iterative, numerical proce
First, an initial guess forni(x)/n0 , the ion profile, is as-
sumed, and Eqs.~1!–~3! and ~6!–~14! are solved to deter-
mine the electric fieldE(x,t)lD /Te at every point in space
and time. The field is then averaged over time, and the t
average is inserted into Eqs.~4! and ~5! to calculate a new,
more accurate ion profile. This process iterates u
ni(x)/n0 converges.

The solution of Eqs.~1!–~3! and ~6!–~14! is itself an it-
erative process. Initially, the currentJ(t)/JD , the sheath
width W(t)/lD , the sheath voltageVs(t)/Te , and the ap-
plied voltageVa(t)/Te , are known only attmax, the time
when the sheath reaches its maximum expansion. The kn
value Va(tmax)/Te and assumed values forVa0 /Te and
Va1 /Te completely determine the applied voltage wave fo
in Eq. ~12! at all times. Then, at every time point, an iterativ
procedure determinesW(t)/lD and all other wave forms
This procedure is repeated for varying values ofVa0 /Te and
Va1 /Te , untilW(t)/lD has the correct rf periodicity, and th
requirement of no net current, Eq.~11!, is satisfied.

III. WAVE FORMS

Examples of calculated wave forms are shown in Fig.
First, in Fig. 2~a!, the position of the instantaneous shea
edge is plotted. Two vertical scales are provided, both n
malized by the Debye length. One,W(t), is the position of
the sheath edge referenced to the electrode; the other,s(t), is
referenced to the sheath-presheath boundary. The horizo
axis is time in radians, with the start of the cycle, atvt5
2p, defined as the time of maximum expansion of t
sheath,tmax. Starting attmax, the sheath contracts and th
sheath widthW(t) falls from its initial valueWmax525lD ,
reaching a minimum valueWmin50.95lD at time tmin ,
slightly more than half a cycle later. Then, for the remaind
of the cycle, the sheath expands.

Figure 2~b! shows the conduction current and displac

TABLE II. Estimates of the values of the model parameters t
correspond to the experimental conditions of Table I. The val
were calculated from Table I, Eqs.~16!–~21!, and an ion massmi

corresponding to Ar1.

Pressure
~Pa! Vs1 /Te l i /lD u0 /uB v i /v ve /v R/ZD

4.0 11.3 2.46 0.78 0.036 9.6 1.94
13.3 8.9 0.89 0.60 0.043 11.5 1.85
40.0 8.3 0.41 0.45 0.059 15.9 1.96
133.3 8.0 0.18 0.32 0.086 23.2 2.31
4.0 134 9.18 0.92 0.133 35.8 0.76
13.3 119 3.58 0.83 0.173 46.6 0.72
40.0 108 1.63 0.71 0.236 63.6 0.79
133.3 59 0.59 0.52 0.284 76.6 1.22

e
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56 1005DYNAMIC MODEL OF THE RADIO-FREQUENCY PLASMA . . .
ment current,Jc(t) and Jd(t). As expected from Eqs.~6!–
~8!, Jc(t) consists of a positive peak of electron current ce
tered at timetmin , when the barrier to electron flow is lowes
and a constant ion current20.062JD , so small it is difficult
to see. Roughly,Jd(t) varies asds/dt, but Eq.~9! shows that
they are not strictly proportional, because of the time-vary
factor ni(s). The total currentJ(t) is not shown. During
most of the cycle,Jd(t) dominatesJc(t), soJ(t)'Jd(t).

Figure 2~c! shows the sinusoidal applied voltageVa(t),
the sheath voltageVs(t), and the voltageVr(t) dropped
across the series resistance. According to Eq.~14!, Vr(t) is
proportional toJ(t). J(t) is not sinusoidal, soVr(t) is not,
and, because of Eq.~13!, neither isVs(t). In the region near
tmin , where the conduction current is significant,Vs(t) is flat.
This flattening is analogous to the clipping produced by
resistor and a diode in series. The sheath plays the role o
diode, because the electron conduction current has an e
nential dependence on voltage. Figure 3 shows that this c
ping becomes more visible asR/ZD increases. AsR/ZD de-
creases,Vs(t) becomes more sinusoidal.

The extrema ofVs(t) occur attmax and tmin but the ex-
trema of Va(t) do not. At tmax and tmin , dW/dt50,

FIG. 2. Calculated wave forms, in dimensionless units, for~a!
the positionW(t) of the instantaneous sheath edge relative to
electrode and its positions(t) relative to the plasma-sheath boun
ary, ~b! the conduction and displacement currents,Jc(t) and
Jd(t), and~c! the sheath voltageVs(t), the voltageVr(t) across the
series resistorR, and their sum, the applied voltageVa(t). The
wave forms were calculated forWmax/lD525, u0 /uB50.62,
l i /lD51.0, E0lD /Te51.0, R/ZD53.0, v i /v50.10, ve /v
527.0, andYi5Ye50.
-

g

a
he
o-
p-

dVs /dt50, dJc /dt50, and, from Eq.~13!,

dVa /dt5dVs /dt1RdJ/dt5RdJd /dtÞ0. ~28!

Thus dVa /dt has the same sign asdJd /dt, negative at
tmin , positive at tmax. Therefore the maximum~and mini-
mum! of Va(t) must occur slightly before the maximum~and
minimum! of Vs(t). The magnitude ofdJd /dt is larger at
tmin that attmax, so the offset in the maxima ofVa andVs ,
labeledD1 in Fig. 2~c!, is larger than the offset in thei
minima, labeledD2 . BecauseD1.D2 , the sheath spend
more than half of the cycle contracting and less than hal
the cycle expanding. AsR→0, Eq.~28! forcesD1 andD2 to
zero, and the fraction of the rf period during which the she
contracts approaches one-half. This can be seen in Fig. 3
R/ZD decreases, the timetmin shifts to the left, approaching
zero. Thus it is the interaction ofR andJd(t) that makes the
contraction last longer than the expansion. In contrast, w
R is replaced by a series capacitorC so thatJ5CdVr /dt,
the extrema ofVa(t) occur after the extrema ofVs(t), the
sheath instead spends more of the cycle expanding than
tracting, and no clipping is observed.

Wave forms predicted by the model are in good agr
ment with experiment. For example, an experimental curr
wave form from Ref.@7# shown in Fig. 4, has a shape that
quite similar to the corresponding model wave form. T
measured wave form does not have the sinusoidal form
sumed by models of symmetric discharges@1–3#, nor does it
resemble the nonsinusoidal current wave forms predicted
a previous model of asymmetric discharges@5#. That model,
which assumes a sinusoidal sheath voltage and neglect

e

FIG. 3. Wave forms for~a! the displacement current and~b! the
sheath voltage, calculated at three different values ofR/ZD . Values
of the other input parameters are given in Fig. 2.
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1006 56M. A. SOBOLEWSKI
sheath conduction current, can be reproduced by solving
more general model presented here in the limitsR/ZD!1,
and v i /v!1. The current wave form obtained from on
such solution, shown in the figure, does not fit the data.

In Fig. 5, model results are compared to wave forms me
sured~but not reported! in Ref. @8#. The ion current measure-
ments performed in that study provide enough information
allow absolute comparisons between the model and exp
ment~at the cost of a slight reduction in the bandwidth of th
electrical measurements relative to Ref.@7#!. Current wave
forms are compared in Fig. 5~a!. The measured current wave
form has a larger amplitude than the model wave form. Co
sequently, the measured sheath impedance is smaller than
model predicts, as will be discussed in Sec. V, below.

Model voltage wave forms are compared with experime
in Fig. 5~b!. The shapes of the model wave forms agre
reasonably well with experiment. The experimentalVps(t)
andVs(t) wave forms are clipped and skewed, as predict
by the model. Although the model assumes that the appl
voltage wave formVa(t) is a perfect sinusoid, the analogou
experimental wave formVpe(t) is not. Repeating the model
calculations using measured, nonsinusoidalVpe(t) wave
forms might increase the accuracy of the model prediction
but such calculations are beyond the scope of this paper. T
rf and dc amplitudes ofVa(t) differ from Vpe(t) because the
capacitance and rectification contributed by the sheath
grounded cell surfaces are not included in the model. The
offset between the predicted and measuredVps(t) @and
Vs(t)# wave forms will be discussed below, in Sec. VI.

FIG. 4. Comparison of theoretical and experimental curre
wave forms. The experimental wave formI pe(t) was measured at
13.3 Pa,Vps1567 V, Re536V, andR569V. Input parameters
for the complete model~solid curve! wereWmax/lD512.2, l i /lD

51.45, u0 /uB50.69, v i /v50.070, ve /v518.9, R/ZD51.36,
E0lD /Te51.0, andYi5Ye50. Model results are also shown for
another case~dashed line!, with v i /v50.001, ve /v50.27,
R/ZD50.001, and the other parameters unchanged, which illu
trates the shape of the wave forms calculated in Ref.@5#.
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IV. IMPEDANCE PHASE

The magnitude and phase of the fundamental compon
of the calculated wave forms,J(t), Jc(t), Jd(t), Vs(t), and
Va(t) are represented by the complex Fourier coefficien
J1 , Jc1 , Jd1 , Vs1 , andVa1 . Together,J1 andVa1 define the
total impedance,

Za5Va1 /J1 , ~29!

which is equivalent to the impedanceZpe defined in experi-
mental studies@7,8#. Also, J1 andVs1 define an impedance

Zs5Vs1 /J1 , ~30!

which is the impedance of the sheath itself, excluding
resistanceR. In experiments@7,8#, Zs is determined from the
measured impedanceZps, using

Zs5Zps2Re , ~31!

from Eqs. ~15! and ~30!. In addition toZs , experimental
studies make use ofCs , the sheath capacitance, andZc , the
capacitive part of the sheath impedance, defined by

t

s-

FIG. 5. Comparison of theoretical and experimental wave for
of ~a! current and~b! voltage. The experimental voltage wave form
are the voltage on the powered electrode,Vpe(t), the voltage
Vps(t) across the powered sheath, and the voltageVs(t) obtained
from the measuredVps(t) using Eq.~15!. The theoretical voltage
wave forms are the applied voltageVa(t), the sheath voltage
Vs(t), and the voltageVps(t) calculated from the modelVs(t) using
Eq. ~15!. The experimental conditions were 13.3 Pa,Vps1598 V,
Ji53.2 mA, Re536V, R569V. Model parameters were
Wmax/lD515.5, Vs1 /Te532.2, l i /lD51.82, u0 /uB50.73, v i /v
50.088, ve /v523.6, R/ZD51.17, E0lD /Te51.0, andYi5Ye

50.
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ivCs51/Zc5Im~1/Zs!. ~32!

Because the conduction and displacement currents flow
parallel,Zs may be considered the parallel combination
two impedances,Vs1 /Jc1 andVs1 /Jd1 . Based on the theory
of linear circuits, one would expectVs1 /Jc1 to have the
phase of an ideal resistor, 0°, andVs1 /Jd1 to have the phase
of an ideal capacitor,290°. Under these conditions, Eq.~32!
simply yields Zc5Vs1 /Jd1 , so that the capacitance aris
solely and wholly from the displacement current.

The model, however, does not predict phases of 0°
290° for Vs1 /Jc1 andVs1 /Jd1 . For example, in Fig. 2, the
phase ofVs1 /Jc1 is 10.8°, and the phase ofVs1 /Jd1 is
287.7°. These surprising results are explained by nonlin
circuit theory@15#. A purely resistive device, if it is nonlin-
ear, may have components of current and voltage that are
of phase, and a purely capacitive device, if it is nonline
may have components of current and voltage that are
phase. These unusual phase relations imply a reactive p
in the resistor, and a real power in the capacitor, but th
powers vanish when summed over all harmonics. When
harmonics are considered, it can be shown that a nonlin
resistor does not store any energy, and a nonlinear capa
does not dissipate any energy.

Previous models of rf sheaths typically neglect cond
tion currents and assume that either the sheath voltag
current is sinusoidal. Under those conditions, symme
forces the expected290° phase difference betweenVs1 and
Jd1 . Here, however, the series resistanceR upsets the sym-
metry. AsR/ZD increases in Fig. 3, the phase ofVs1 /Jd1
shifts away from the expected value of290° ~from 289.0°
to 287.7°!. Also,Vs1 /Jc1 shifts away from 0°~from 4.4° to
10.8°! and the phase ofZs becomes more resistive, shiftin
from 287.5° to286.4°.

Although these phase shifts are interesting, they are ra
small over the range of experimental conditions studied h
As seen in Fig. 6, predicted and measured phases ofZs were
always within a few degrees of290°. ~Predicted and mea
sured phases for the total impedance are also shown;
were also in rather good agreement.! TheZs phases were so
close to290° that the capacitive sheath impedanceZc de-
fined by Eq.~32! was within 2% of the magnitude of th
sheath impedance,uZsu. Thus, within 2%, all the results re
ported forZc below apply touZsu as well.

V. IMPEDANCE

First, the dependence of the sheath impedance on
model input parameters will be discussed. Then the imp
ances predicted by the model will be compared to previ
models and to experiment.

A. Dependence on voltage

Figure 7 shows the relations between several parame
that describe the sheath width and voltage wave forms.
normalized fundamental component of the sheath volta
Vs1 /Te , appears on thex axis. As Vs1 /Te increases, in-
creases are seen in the other voltage amplitudes
Wmax/lD , and in the time-averaged sheath widthW0 /lD .
The magnitude of the sheath impedance,uZsu, and the ca-
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pacitive impedanceZc also increase. Plots ofuZsu/ZD and
Zc /ZD are visually indistinguishable from theW0 /lD curve.

In contrast,Wmin /lD decreases with voltage. At highe
voltages,W(t) becomes more sharply peaked in the vicini
of the electrode, and, therefore, the electron conduction c
rent has less time to flow. Each pulse of electron curr
becomes narrower, and thus the peak value of the pulse m
increase, to allow the narrower pulse to still exactly balan
the ion current. Therefore the instantaneous sheath edge
approach closer to the electrode, andWmin /lD must decrease.
Eventually, a point is reached where the sheath edge gr
the edge of the electrode. Beyond this point it is impossi
to find a solution with^J&50; only solutions with^J&,0
can be obtained. This failure indicates a breakdown in
assumptions of the model at high voltages, perhaps bec
harmonics in the applied voltage wave form~which is here
assumed to be sinusoidal! become too large to be ignored.

As Vs1 /Te→0 in Fig. 7,Wmax, W0 , andWmin converge
to a value

Wmax/lD5W0 /lD5Wmin /lD5Zc /ZD52.67. ~33!

For values ofWmax/lD smaller than this dc limit, only solu-
tions with ^J&.0 can be obtained. Over the parameter spa
given in Table II, the value of this dc limit varies from 2.6 t
2.9. In the dc limit, however, the step drop in electron co
centration assumed in Eq.~1! is undoubtedly a poor approxi
mation.

Intermediate voltages in Fig. 7, in the range 8<Vs1 /Te
<134, correspond to the experimental voltage range give
Table II. In this range,Wmax/lD , W0 /lD , uZsu/ZD , and

FIG. 6. Phase of the sheath impedanceZs and the total imped-
anceZpe measured in a previous study@8# of argon discharges a
4.0–133.3 Pa, plotted against the fundamental amplitude of
sheath voltageVs1 . Model results, calculated for values of the inp
parameters corresponding to the experimental conditions, as
scribed in Table II, are also shown. Model values of the phase
Zs fall within the range defined by the two dotted curves. Mod
values of the phase ofZa , which corresponds to the experiment
impedanceZpe fall within the range defined by the two solid curve
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1008 56M. A. SOBOLEWSKI
Zc /ZD are approximately described by a power law, i.e.
straight line on the log-log plot. The slope of the log-log p
determines the power-law exponent. ForZc /ZD , the slope is
given in Table III.

B. Ion injection velocity

If the parameteru0 /uB is reduced, and all other param
eters are held constant, then the ion density throughout
sheath will be reduced, as shown in Fig. 8~a!. At fixed sheath
width ~and impedance!, a lower ion density produces a lowe
sheath voltage. At fixed sheath voltage, a lower ion den
produces a higher sheath width and impedance. These ef
are illustrated in Fig. 8~b!. The change inu0 /uB shifts the
curve vertically without changing its shape, suggesting t
the dependence ofZc /ZD on u0 /uB is nearly an exact powe
law. A calculated value for the exponent of the power law
given in Table III.

FIG. 7. ~a! Relation betweenVs1 /Te , the fundamental ampli-
tude of the sheath voltage wave form, its dc amplitudeVs0 /Te , its
most negative value,Vs(tmax), and its least negative value
Vs(tmin). The fundamental amplitude of the applied voltag
Va1 /Te , is also shown.~b! Relation betweenVs1 /Te and the maxi-
mum, minimum, and time-averaged sheath widthsWmax/lD ,
Wmin /lD , andW0 /lD . Plots of the sheath impedanceZs /ZD and
the capacitive impedanceZc /ZD fall on theW0 /lD curve. The
results were obtained by varyingWmax/lD from 2.70 to 65. Values
of the other input parameters are given in Fig. 2.
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C. Ion mean free path

An increase in the ion mean free pathl i is equivalent to
an increase in the ion mobility and a decrease in the Oh
impedance associated with ion motion. But, at the high f
quencies studied in this paper, this impedance is negligi
Instead, an increase inl i acts to increase the sheath impe
ance. At higher values ofl i , collisions are less frequent, th
ions are accelerated more rapidly, and therefore the ion d
sity profile falls farther and faster~see Fig. 8!. This produces
an increase in the sheath width and in its capacitive imp
ance Zc /ZD . The dependence ofZc /ZD on l i /lD , like
u0 /uB , conforms closely to a power-law dependence, w
the exponent given in Table III.

D. Other model parameters

Variations inE0lD /Te , R/ZD , v i /v, andve /v do not
much change the overall ion density throughout the she
Consequently, the capacitive impedance of the sheat
rather insensitive to changes in these parameters. The log
sensitivities to these parameters, listed in Table III, are we
Examination of Eqs.~8!, ~22!, and~23! show that the log-log
sensitivities ofZc /ZD to (11Yi) and (12Ye) are identical
to those ofv i /v and ve /v, so the effects of secondar
electrons are also quite weak.

To compare model results to experiments, it is helpful
change from the dimensionless input parameters to a new
of parameters,Vs1 , n0 , u0 , l i , mi , E0 , R, andTe . Using
the chain rule for derivatives, the log-log sensitivities of t
impedanceZc on the new parameters can be obtained fr
those already calculated. Results are shown in Table III.

E. Comparison with previous models

Although the Lieberman model of collisional sheaths@2#
assumes thatu05uB , one can easily extend it to includ
arbitrary values ofu0 , and obtain

,

TABLE III. Log-log sensitivities ofZc /ZD , the normalized ca-
pacitive sheath impedance, with respect to the dimensionless i
parameters, labeledz, and log-log sensitivities of the capacitiv
sheath impedanceZc with respect to the set of experimental param
eters, labeledj. Sensitivities labeled ‘‘exact’’ were calculated nu
merically, atVs1 /Te5280, u0 /uB50.62, l i /lD51.0, E0lD /Te
51.0, R/ZD53.0, v i /v50.10, ve /v527.0, Yi5Ye50, and
Zc /ZD533.4. Sensitivities were also obtained from the power-l
exponents in Eq.~34!, an approximate expression forZc /ZD based
on the analytical solution of Ref.@2#.

z

] ln(Zc /ZD)/] lnz

j

] ln Zc /] lnj

Exact Eq.~34! Exact Eq.~34!

Vs1 /Te 10.603 10.600 Vs1 10.603 10.600
u0 /uB 20.426 20.400 n0 20.426 20.400
l i /lD 10.207 10.200 n0 20.426 20.400
E0lD /Te 10.031 0.000 l i 10.207 10.200
R/ZD 20.030 0.000 mi 20.209 20.200
v i /v 20.008 0.000 E0 10.031 0.000
ve /v 10.006 0.000 R 20.030 0.000

Te 10.006 0.000
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Zc /ZD50.80~Vs1 /Te!
3/5~u0 /uB!22/5~l i /lD!1/5

50.80~q/v5«0
3A3mi !

1/5Vs1
3/5l i

1/5Ji
22/5. ~34!

Similarly, the collisionless Lieberman model@1# may be ex-
pressed as

Zc /ZD50.76~Vs1 /Te!
3/4~u0 /uB!21/2. ~35!

The exponents from the collisional model, Eq.~34!, are quite
close to the log-log sensitivity factors given in Table III
@Results from Eq.~35! are not, since it is only valid at lower
pressures and higher values ofl i /lD than are treated here.#
Admittedly, the log-log sensitivity factors in Table III were
calculated at a single, high sheath voltage; they do not ap
at low sheath voltages. Nevertheless, the models can be c
pared over the entire voltage range using the plot shown

FIG. 8. ~a! Ion density profiles calculated for varying values o
u0 /uB andl i /lD , for a sheath widthWmax/lD of 25. ~b! Normal-
ized values of the sheath capacitive impedanceZc as a function of
Vs1 /Te , the fundamental amplitude of the sheath voltage, for var
ing values ofu0 /uB andl i /lD , and 10<Wmax/lD<50. Values of
the other input parameters are given in Fig. 2.
ly
m-
in

Fig. 9~a!. In this log-log plot, values ofZc are multiplied by
Ji
2/5l i

21/5, so that the predictions of the Lieberman mode
Eq. ~34!, fall on a single straight line of slope 0.60. The slop
predicted by the asymmetric model is similar at high vol
ages, but it decreases at low voltages, as in Fig. 7. T
behavior results from Eq.~11!, the condition that the ion and
electron currents balance, which determines the minimu
sheath widthWmin . The Lieberman model does not include
this condition—it cannot, because it neglects the conducti
current. Instead, the Lieberman model assumes thatWmin
50, which forcesZc to approach zero asVs1 approaches
zero.

Figure 9~a! also shows predictions from the Godyak

-

FIG. 9. Log-log plots ofZcJi
2/5l i

21/5 vs sheath voltageVs1 ,
whereZcJi

2/5l i
21/5 is a normalization of the capacitive sheath im

pedanceZc chosen so that predictions of the Lieberman model@Eq.
~34!# fall on a single line.~a! shows values from the Lieberman
model, the Godyak-Sternberg model@3#, and the asymmetric dis-
charge model presented in this paper.~b! compares the asymmetric
model with experimental data from a previous study@8# of argon
discharges at 4.0–133.3 Pa. At each data point, model input par
eters corresponding to the experimental conditions were calculat
as described in Table II, and used in the model calculations. Res
from the asymmetric model fall within the range defined by the tw
solid curves. Godyak-Sternberg results, calculated in Ref.@8#, fall
within the two dotted curves.
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Sternberg mode@3#. The Godyak-Sternberg model and th
asymmetric model differ because the former assumes a s
soidal current wave form and the latter assumes sinuso
applied voltage. Although the ion density profiles and t
values ofWmax/lD andWmin /lD given by the two models are
very similar, the different assumptions about the wave for
produce differences in the time-averaged sheath w
W0 /lD and in the impedance.

F. Comparison with experiment

Experimental and model impedances are compared in
9~b!. For each data point, values of the input parame
corresponding to the experimental conditions were de
mined, as described in Table II, and a model calculat
using these input values was attempted. For some exp
mental conditions, above 140 V at 4.0 Pa and above 300
13.3 Pa, no solutions of the model could be obtained, for
reasons discussed in Sec. V A. Model results were obta
over the rest of the experimental range; they vary with pr
sure in the region defined by the two solid curves in Fig.
In the figure, the behavior of the data and the model are q
similar. Although they-axis values predicted by the mod
are higher than the data, the differences are within the e
bounds found by propagating estimated uncertainties
630% in the measurement ofJi and61 eV in the measure
ment of the electron temperatureTe . Errors inTe only affect
the data points at low sheath voltages. Indeed, Table III
dicates that the log-log sensitivity ofZc to Te is quite small
at high sheath voltages. Nevertheless, asVs1 /Te decreases
~and the dependence ofZc on Vs1 becomes weaker! the de-
pendence onTe grows stronger. AtVs1 /Te53.65, for ex-
ample,] lnZc /] lnVs150.31, and] lnZc /] lnTe50.29. In the
dc limit, Vs1 /Te→0, the voltage derivative approaches ze
and] lnZc /] lnTe increases to;0.50, as expected from Eqs
~33! and ~18!.

VI. dc SHEATH VOLTAGE

The dc offset between theVs(t) @andVPS(t)# wave forms
in Fig. 5~b! indicates that the dc sheath voltage predicted
the model does not agree with experiment. This may pa
arise from experimental errors—the techniques used in R
@7,8# were designed to measure the rf components
VPS(t), not its dc level. Nevertheless, the disagreement in
levels may also indicate a problem with the model. In p
ticular, the values of the electric field at the sheath-preshe
interface,E0 , used by the model may be in error.

The dc voltage drop across the sheath is quite sensitiv
E0 . Essentially,E0 contributes a time-independent voltag
drop of2E0Wmax to Vs(t). As can be seen from Eqs.~1!–
~3!, Vs(t)<2E0Wmax, always. In dimensionless variables

Vs~ tmin!/Te<2~E0lD /Te!~Wmax/lD!. ~36!

The two sides of this inequality are equal ifWmin50. The
two sides are approximately equal whenWmax@Wmin , as can
be verified in Fig. 7. AsE0lD /Te is varied, the most nega
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tive sheath voltageVs(tmax) and the dc sheath voltageVs0
vary by nearly the same amount asVs(tmin). Thus changes in
E0lD /Te shift theVs(t) wave form up or down in voltage
without much altering its rf amplitude or its shape.

The limit imposed by Eq.~36! could be perhaps be supe
seded, and better agreement obtained, if a time-varyingE0
were included in the model. Alternatively, less negati
Vs(t) wave forms, in better agreement with experime
would be obtained at smaller values ofE0lD /Te . The values
of E0lD /Te used by the model were not measured, but o
tained from a model of the presheath, Eq.~26!. It may be that
Eq. ~26! is not a valid description of the presheath. In pa
ticular, Eq.~26! assumes a Maxwellian electron energy d
tribution function ~EEDF!. But EEDFs in argon discharge
are not Maxwellian; they have a large population of lo
energy, ‘‘low-temperature’’ electrons at energies,1 eV, due
to the relative absence of loss processes for electrons at
energies@16#. The electron temperature used here, fro
Table I, was measured at higher energies. Although this t
perature may be representative of the high-energy elect
that dominate the electron conduction current given by
~7!, they may not yield the appropriate electric field in E
~26!. Presheath models that include two negative specie
different temperatures show that the presheath voltage,
presumably the field as well, are more sensitive to the low
temperature species@17,18#. Thus it is plausible that the non
Maxwellian electron energy distribution is responsible f
the disagreement in dc sheath voltages, but further exp
mental and modeling work is needed to resolve this issu

VII. CONCLUSIONS

The model presented here predicts current and volt
wave forms that agree more closely than previous mod
with wave forms measured at the rf powered sheath o
highly asymmetric cell. This good agreement is obtained
cause the model incorporates electrical equations that clo
describe the electrical network that surrounds the powe
sheath. Predicted values forZc , the capacitive impedance o
the sheath at the fundamental frequency, fall within the er
bounds of measured values. Impedance phases predicte
the model also agree with experiment, because conduc
currents and series resistance are included. Secondary
tron currents were also included in the model, but they w
found to have very small effects. The experimental a
model values of the dc voltage drop across the sheath w
not in agreement. To explain this disagreement, further
perimental and modeling work is needed. Also, considera
of applied voltage wave forms that are not sinusoidal mi
extend the accuracy and range of the model. Finally
should be noted that the model presented here does no
clude time-dependent ion kinetics, ionization within th
sheath, or external circuits that include capacitive and ind
tive elements in addition to series resistance. These eff
may be important in discharges that differ from those stud
here, either in plasma density, frequency, pressure, or
design. Together these additional effects present impor
challenges for rf sheath theory.
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